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A: Oxford Applicants: if you are applying to Oxford for the degree course:
e Mathematics or Mathematics & Philosophy or Mathematics & Statistics, you should
attempt Questions 1,2,3,4,5.
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Question 1 is a multiple choice question with ten parts. Marks are given solely for correct
answers but any rough working should be shown in the space between parts. Answer
Question 1 on the grid on Page 2. Each part is worth 4 marks.

Answers to questions 2-7 should be written in the space provided, continuing on to the blank
pages at the end of this booklet if necessary. Each of Questions 2-7 is worth 15 marks.
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1. For ALL APPLICANTS.

For each part of the question on pages 3-7 you will be given five possible answers, just
one of which is correct. Indicate for each part A-J which answer (a), (b), (c), (d), or
(e) you think is correct with a tick (v/) in the corresponding column in the table below.
Please show any rough working in the space provided between the parts.




A. A regular dodecagon is a 12-sided polygon with all sides the same length and all
internal angles equal. If I construct a regular dodecagon by connecting 12 equally-spaced
points on a circle of radius 1, then the area of this polygon is

(a) 6+3v3, (b)) 2v2,  (¢) 3v2, (4 3v3, (e) 3.

B. The positive number a satisfies

/Oa(\/iﬂz) dz =5

if
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C. Tangents to y = e* are drawn at (p, e?) and (g, e?). These tangents cross the z-axis
at a and b respectively. It follows that, for all p and ¢,

D. The area of the region bounded by the curve y = e, the curve y = 1 — €%, and the
y-axis equals

(a) 0, (b) 1—1In2, (¢) 2-3iIn2,

(d) Im2-1, (e) 1-—Inz.

[Note that Inz is alternative notation for log, x.]



E. Six vectors vy, vo, V3, V4, V5, Vg are each chosen to be either (1) or 3 with
equal probability, with each choice made independently. The probability that the sum

. 10 .
vi+ ve + v + vy + V5 + Vi is equal to the vector ( 80) is

3 15

F. The tangent to the curve y = z® — 3z at the point (a,a® — 3a) also passes through
the point (2,0) for precisely

a) no values of a,

(
(b

one value of a,

d

)
)
(c) two values of a,
(d) three values of a,
)

(e) all values of a.
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G. The sum
sin?(1°) + sin®(2°) + sin®*(3°) + - - - + sin*(89°) + sin®(90°)

is equal to

H. Which of the following graphs shows
y = log, (9 — 8sinx — 6 cos? x)

in the range 0 < x < 360°7

(a) (b) (c)
y y
Yy
\/\/ 360° 360° 360°
(d) (¢)
Y




I. A sequence is defined by ag = 2 and then for n > 1, a,, is one more than the product
of all previous terms (so a; = 3 and ay = 7, for example). It follows that for all n > 1,

(a) a, =4a,_1 — 5,
(b) Ap = Ap—1 ((ln,1 - 1) =+ 17

(¢) an =2a, 1(a,_1—3)+7,

3 1
d) a, =-n*>—-n+2
(d) a 5" 2n+,

(e) None of the above.

J. Four distinct real numbers a, b, ¢, and d are used to define four points
A= (a,b), B=(bc), C=(c,d), D=(da).
The quadrilateral ABC'D has all four sides the same length

a) if and only if (a — b)? = (¢ — d)?,

(=

( —d)
(b) if and only if (a — ¢)* = (b — d)?,
2 gt

Y

)

)
(c) if and only if (a — d)* = (b
(d) if and only if a —b4+c—d =0,
)

(e) for no values of a, b, ¢, d.
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2. For ALL APPLICANTS.
In this question you may use without proof the following fact:
n(l-z)=—2——————---— — ... for any x with |z| < 1.

[Note that Inz is alternative notation for log, x.]

(i) By choosing a particular value of x with |z| < 1, show that

o=ttt b, 1
nzZ— —
2 2x22  3x2 4x24 Hx2

(ii) Use part (i) and the fact that

1 1
>4
< 3xn O
: k E+1
to find the integer k such that 21 <ln2< T

(ili) Show that

| 3 1 1 n 1 1 . 1
n|{—-|=--— — —
2 2 2x22 3x28 4x24 5 x2P

and deduce that

m3—14-—— 4+ 1
B A g 2 T ot T s T
13 11
iv) D that - < 1 y
(iv) Deduce tha 12<113<10

v) Which is larger: 3'7 or 4137 Without calculating either number, justify your answer.
g g
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MATHEMATICS
MATHEMATICS & STATISTICS
For APPLICANTS IN i A\ rHEMATICS & PHILOSOPHY ONLY.

MATHEMATICS & COMPUTER SCIENCE

Computer Science and Computer Science € Philosophy applicants should turn to
page 20.

The degree of a polynomial is the highest exponent that appears among its terms. For
example, 2% — 322 + 1 is a polynomial of degree 6.

(i) A polynomial p(z) has a turning point at (0,0). Explain why p(0) = 0 and why
?'(0) = 0, and explain why there is a polynomial ¢(z) such that

2q(x). (%)

p(z) =x

(ii) A polynomial r(z) has a turning point at (a,0) for some real number a. Write
down an expression for r(x) that is of a similar form to the expression (%) above.
Justify your answer in terms of a transformation of a graph.

(iii) You are now given that f(x) is a polynomial of degree 4, and that it has two
turning points at (a,0) and at (—a, 0) for some positive number a.
(a) Write down the most general possible expression for f(z). Justify your answer.

(b) Describe a symmetry of the graph of f(z), and prove algebraically that f(z)
does have this symmetry.

(¢) Write down the z-coordinate of the third turning point of f(x).

(iv) Is there a polynomial of degree 4 which has turning points at (0,0), at (1,3), and
at (2,0)? Justify your answer.

(v) Is there a polynomial of degree 4 which has turning points at (1,6), at (2,3), and
at (4,6)7 Justify your answer.
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4.

MATHEMATICS

For APPLICANTS IN ¢ MATHEMATICS & STATISTICS ONLY.

MATHEMATICS & PHILOSOPHY

Mathematics € Computer Science, Computer Science and Computer Science € Philos-
ophy applicants should turn to page 20.

Charlie is trying to cut a cake. The cake is a square with side length 2, and its corners
are at (0,0), (2,0), (2,2), and (0,2). Charlie’s first cut is a straight line segment from
the point (x,y) to (2,0), where 0 < x < 2and 0 <y < 2.

Charlie plans to make a second straight cut from the point (x,y) to a point (0, k)
somewhere on the left-hand edge of the cake. This will make a slice of cake which is
bounded to the left of the first cut and bounded below the second cut.

(i)

(i)

(iii)

2
(0, 4) (7,9)
0
0 (337 O) 2

Find the area of the slice of cake in terms of z, y, and k. Check your expression
by verifying that if x = 1 and y = 1, then choosing k£ = 1 gives a slice of cake with
area 1.

Find another point (z,y) on the cake such that choosing k = 1 gives a slice of cake
with area 1.

Show that it is only possible to choose a value of k that gives a slice of cake with
area 1 if both zy < 2 and z(2 +y) > 2.

Sketch the region R of the cake for which both inequalities in part (iii) hold,
indicating any relevant points on the edges of the cake.

Charlie may instead plan to make the second straight cut from (x,y) to a point
(m,2) on the top edge of the cake in order to make a slice bounded to the left of
the two cuts. Find two necessary and sufficient inequalities for z and y which must
both hold in order for this to give a slice of area 1 for some value of m. Sketch the
region of the cake for which both inequalities hold.
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5. For ALL APPLICANTS.

A triangular triple is a triple of positive integers (a, b, ¢) such that we can construct a
triangle with sides of length a, b and c¢. This means that the sum of any two of the
numbers is strictly greater than the third; so if a < b < ¢, then it is equivalent to
requiring a + b > ¢. For example, (3,3,3) and (4, 5, 3) are triangular triples, but (1, 3, 2)
and (3,3,6) are not. For any positive integer P, we define f(P) to be the number of
triangular triples such that the perimeter a + b+ c is equal to P. Triples with the same
numbers, but in a different order, are counted as being distinct. So f(12) = 10, because
there are 10 triangular triples with perimeter 12, shown below:

(3,4,5) (3,5,4) (4,3,5) (4,5,3) (5,3,4) (5,4,3)
(2,5,5) (5,2,5) (5,5,2)
(4,4,4)

(i) Write down the values of f(3), f(4), f(5) and f(6).

(ii) If (a,b,c) is a triangular triple, show that (a + 1,04+ 1,c+ 1) is also a triangular
triple.

(iii) If (z,y, 2) is a triangular triple, with  + y + z equal to an even number greater
than or equal to 6, show that each of x,y, z is at least 2 and that (r—1,y—1,2—1)
is also a triangular triple.

(iv) Using the previous two parts, prove that for any positive integer k > 3,
f(2k = 3) = f(2k).

(v) We will now consider the case where P > 6 is even, and we will write P = 25.

(a) Show that in this case (a, b, c) is a triangular triple with a + b+ ¢ = P if and
only if each of a, b, ¢ is strictly smaller than S.

(b) For any a such that 2 < a < S — 1, show that the number of possible values
of b such that (a,b, P — a — b) is a triangular triple is a — 1. Hence find an
expression for f(P) for any even P > 6.

(vi) Find f(21).
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6.
COMPUTER SCIENCE

For APPLICANTS IN ¢ MATHEMATICS & COMPUTER SCIENCE » ONLY.
COMPUTER SCIENCE & PHILOSOPHY

Distinct numbers are arranged in an m X n rectangular table with m rows and n columns
so that in each row the numbers are in increasing order (left to right), and in each column
the numbers are in increasing order (top to bottom). Such a table is called a sorted table
and each location of the table containing a number is called a cell. Two examples of
sorted tables with 3 rows and 4 columns (and thus 3 x 4 = 12 cells) are shown below.

311213364 5 [ 22|53 |68
15|26 | 37 | 78 18 | 36 | 67 | 78
19 140 | 51 | 92 19 145 | 81 | 92

We index the cells of the table with a pair of integers (i,7), with the top-left corner
being (1,1) and the bottom-right corner being (m,n). Observe that the smallest entry
in a sorted table can only occur in cell (1,1); however, note that the second smallest
entry can appear either in cell (1,2), as in the first example above, or in cell (2,1) as in
the second example above.

(i) (a) Assuming that m,n > 3, where in an m x n sorted table can the third-smallest
entry appear?

(b) For any k > 4 satisfying m,n > k, where in an m x n sorted table can the kth
smallest entry appear? Justify your answer.

(ii) Given an m x n sorted table, consider the problem of determining whether a
particular number y appears in the table. Outline a procedure that inspects at
most m +n — 1 cells in the table, and that correctly determines whether or not y
appears in the table. Briefly justify why your procedure terminates correctly in no
more than m +n — 1 steps.

[Hint: As the first step, consider inspecting the top-right cell.]

(iii) Consider an m x n table, say A, which might not be sorted; an example is shown
below. Obtain table B from A by re-arranging the entries in each row so that they
are in sorted order. Then obtain table C' from B by re-arranging the entries in
each column so that they are in sorted order. Fill in tables B and C here:

A: B: C:
3319246 | 24
25126 37| 8 — —
49 | 40 | 81 | 22

(iv) Show that for any m x n table A, performing the two operations from part (iii)
results in a sorted table C'.
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7.

For APPLICANTS IN { COMPUTER SCIENCE

COMPUTER SCIENCE & PHILOSOPHY } ONLY.

Throughout this question, all functions will be Boolean functions of Boolean input
variables. A Boolean variable can be either 0 or 1. A Boolean function may have
one or more Boolean input variables, and the output of a Boolean function is also either
0 or 1. Three elementary Boolean functions are defined as follows:

e The function min(zy,...,z;) can take any number of inputs. It outputs the value
1 exactly when each of its inputs is 1, that is the output of the function is the
minimum value among its inputs.

e The function max(zy,...,xx) can take any number of inputs. It outputs the value
1 exactly when at least one of its inputs is 1, that is the output of the function is
the mazimum value among its inputs.

e The function flip takes a single input and is defined as flip(z1) = 1 — z;.

First we will consider Boolean functions obtained by combining the three elementary
Boolean functions. One such function is shown below:

f (1, 9, x3) = min(max(z1, x2, x3), flip(min(zq, x2, 23))).
(i) Describe in words when the function f outputs 1 and when it outputs 0.

(ii) The function majority(x1, ..., z;) takes k inputs and outputs 1 exactly when strictly
greater than k/2 of its inputs are 1. Explain how you could combine elementary
Boolean functions to obtain the following functions:

(a) majority(z1, x2)

(b) majority<$1a I, ‘r3)

Now we will consider Boolean functions that can be obtained by combining only majority
functions.

(iii) There are exactly 16 distinct Boolean functions of two input variables. Some of
these can be represented using only majority functions that take 3 inputs; the use
of 0 or 1 as fixed inputs to majority is permitted. For example, majority(z1, 2, 1)
represents the function max(zy, zs).

Find any four other Boolean functions of two variables that can be represented by
combining one or more majority functions of 3 inputs. Write your answers in terms
of majority functions.

(iv) Give an example of a Boolean function g of two input variables that cannot be
represented by combining majority functions (of any number of inputs). You should
write your answer by explicitly specifying ¢(0,0), g(0,1), g(1,0) and g(1, 1). Justify
YOUur answer.

28



In the last part, you may express Boolean functions by combining any of the elementary
Boolean functions or the majority function.

(v) Consider four input variables xy, z9, 23, 4. Let z; = min(xq,x2), 20 = min(zq, x3),
z3 = min(x3, x4), 24 = min(z4, 7). It is sometimes possible to represent a function
s(x1, z9, w3, 4) using a function t(zq, 29, 23, 24). For example, min(zy, g, 13, x4) =
min(z1, 22, 23, 24), as both functions output 1 if and only if all four z; are 1.

Can you represent the following functions of inputs x1, x5, 3, r4 as some Boolean
function of inputs z1, 29, 23, 247 Justify your answers.

(a) majority (1, X2, T3, 14).

(b) The function parity(z1, x2, 3, x4) which outputs 1 exactly when an odd number
of its inputs are 1.

End of last question
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