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Classical
Gauss-Green formula

The Gauss-Green Theorem was motivated by the analysis of fluids, capillarity and
potential theory (electrical and gravitational potentials). Implications of the Gauss-Green
theorem include the Maxwell’s discovery of the laws of electrodynamics. The derivations
of the Maxwell’s equations or the Euler equations are based on the validity of the
Gauss-Green Theorem and the Stokes theorem.
The formula was discovered by Lagrange in 1762, but he did not provide proof of the

| result. The theorem was rediscovered by Gauss and Ostrogradsky. Ostrogradsky stated
and proved the Divergence-Theorem in an article that was presented in 1828 and
published in 1831. Ortrogradsky’s method of proof was similar to the approach Gauss
used in his paper published in 1813 where Gauss used a particular case of the theorem.
Independently, Green also rediscovered the Divergence Theorem for n = 2, and
published his result in 1828. The Divergence Theorem in vector form:

/didex:— F-vdK" 1,
U oU

where F is a C'! vector field, U is a bounded open set with piecewise smooth boundary,

and v in the inner unit normal to U, was later formulated thanks to the development of
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Vector Calculus.



Gauss-Green formulas for Lipschitz vector

fields on sets of finite perimeter

How to extend the Gauss-Green formula to very rough sets? The development of geometric
measure theory by De Giorgi and Federer opened the door to the extension of the
classical Gauss-Green formula over sets of finite perimeter (whose boundaries can be
very rough and contain cusps, corners, etc) and Lipschitz vector fields. Indeed, we can
consider the left side of the formula as a lineal functional acting on vector fields

F ¢ CI(R™). If E is such that the functional F — [, divF' is bounded in a particular
sense , then the Riesz representation theorem immediately yields a Radon measure,
denoted as g, such that

/ divF dx = F -dug, forall F € C}(R"™).
E R™

The Radon measure g is actuallly —Dx g, where Dx g is the distributional gradient of

the characteristic function of E, and F is called a set of finite perimeter in R™.
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The structure
theorem of De Giorgi

The structure theorem of De Giorgi shows that, even though the boundary of E can be
very rough, it also has nice tangential properties which means that there is a notion of
measure-theoretic tangent plane. More rigorously said, the topological boundary of £
(denoted as OF) contains an (n — 1)-rectifiable set, known as the reduced boundary of
F and denoted as 0* F/, which can be covered by a countable union of C'! surfaces, up
to a set of H™~1-measure zero. It can be shown that every = € 9* I/ has an inner unit
normal vz () and a tangent plane in the measure-theoretic sense. Moreover, the Radon
measure g has the following structure:

HE — —VE:Hn_l |_(9*E,

and therefore the previous formula reduces to

/ divEF dr = — F(y) - ve(y)dH" 1 (y).
E o*E

This Gauss-Green formula for Lipschitz vector fields F' over sets of finite perimeter was
proved by De Giorgi and Federer in a series of papers that span the period 1945-1958.
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Traces and Gauss-Green formulas for Sobolev and BV functions

on Lipschitz domains

In various fields of analysis (i.e.; Partial Differential Equations or Calculus of Variations) it
is necessary to work with functions which are not Lipschitz, but only in LP, 1 < p < oo,
whose derivatives in the distributional sense belong to LP. That is, the corresponding F'
is a Sobolev vector field. The existence of traces in LP, defined on the boundary of the
domain, and which make the formula valid over open sets with Lipschitz boundary, was
studied by Aronszajn, Babich-Slobodetskij and Peodi for p = 2. For p > 2, necessary
and sufficient conditions for the existence of traces of Sobolev functions were obtained
by Gagliardo in 1957, although previous authors had obtained some necessary or
sufficient conditions, while other authors were previously aware of the fact that the
traces, defined on the boundary of the domain, belonged to LP.

For many other applications the theory of Sobolev spaces is not sufficient. For example,
we note that if £ has C? boundary then x g, belongs to L!, but the distributional derivate
Dx g does not belong to L1, but is in fact a Radon measure and

| Dxe|(2) = H*—1(0E N Q). Thus, a larger space functions is required, the space of
functions of bounded variation (BV'), which consists of all functions in L' whose
distributional derivatives are Radon measures. This space has compactness properties
that allow, for instance, to show the existence of minimal surfaces. Moreover, the
Gauss-Green formula for BV vector fields over Lipschitz domains holds
(Burago-Maz’ya-Vol'pert). ~ p. 550



Systems of hyperbolic conservation laws

u; + divy f(u) =0, ue LRI R™)
T € Rd, n:=d+1
f=(f',f2, .. f™), f':R™ - R (1)

B Solutions develop singularities (shock waves ) even if the initial data is smooth.

M [f the initial data has small total variation, and d = 1, the Random Choice Method
(Glimm) gives existence of solutions in the space of functions of bounded variation
BV . The Front Tracking Method (Bressan) is another method to construct BV
solutions.

B |n general, no existence theory for multidimensional systems.

B Solutions of systems of hyperbolic conservation laws are not, in general, BV
functions. If the initial data has large total variation and/or the strict hyperbolicity of
the systems fails then solutions are no longer in BV (even for d = 1).
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Systems of hyperbolic conservation laws

B Rauch (1987) proved that, for dimension greater that 1, in order to have estimates
of the form

lat, )lisv < Clluollpy

the flux £ must satisfy the following commutation property

Vfinj = ij Vt; (2)

B Ifd=1o0orm =1 @) holds. In more dimensions, the inviscid equations of
compressible fluid dynamics do not satisfy @), and therefore it is not possible to
obtain BV estimates in these cases. If we consider the nonisentropic case or we
add other physical effects the problem becomes even harder.

B However, existence theorems for solutions u to 2 x 2 systems (using compensated
compacteness) or multidimensional scalar conservation laws show that

mu(t,x) e MR, x RY) oru(t,x) € LP(R, x RY).
® 0;n(u) + divyq(u) < 0 in the sense of distributions.
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Motivation to study divergence-measure
fields

A convex function n : R™ — R is an entropy if 3 q € C(R™,R?) such that
Vai(u) = Vn(u)ViL(u), k=1,2,..,d.

The pair (7, q) is called a convex entropy pair. A bounded entropy solution
u € L>°(Ry x R%;R™) of the system (@) is characterized by the entropy inequality

n(u) + dive q(u) < 0in Dy, (3)
for any convex entropy pair. If we define
F(t, z) == (n(u(t, ), q(u(t, z))),

then @) and the Riesz representation theorem imply that 3 a nonnegative measure
pn € M(R4 x RY) such that

—divy e (n(u(t,x)),q(u(t,z))) = uy; thatis, ', is a divergence-measure field.  (4)
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Divergence-measure
fields

Definition: Given an integrable vector field F' on the open set €2, div F is a distribution
acting on C2°(Q2) such that, for any test function ¢ € C2°(12),

(divF, ¢) : /F Vodx. (5)

We say that F' is an LP divergence-measure field in the open set Q2 for 1 < p < oo if
F € LP(Q2) and

Sup{/QF-ng L e CHQ), |0 < 1} < oo0. (6)

Condition () implies that div F' is finite Radon measure in 2 (i.e. |divF|(£2) < o0) so that
(divF, ¢) = / o ddivF = —/ F . Védz. (7)
Q Q

The Banach space DMP (€2) consists of all LP divergence-measure fields on €2.
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Divergence-measure fields

Sobolev vector fields (W11)
C
BV vector fields
C
Divergence-measure fields

F = (fl,f2; 7fn)

| -8121 fl axQ f]_ e axn fl-

i a5131]02 ax2f2 anfg
DF =

Ourfn Ousfn o Oupfo.
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Example: how to define trace for a bounded

divergence-measure field?

Let U be the open unit square in R? that has one of its sides contained in the line
segment

L:={y=(y1,y2) : y1 = y2} NOU.

Define afield F: R2\ L — R? by F(y) = F(y1,v2) = (Sin (yliQQ) , — sin (yliQQ)).

div F' = 0 in the sense of distributions in R" so F' € DM (R?)

div F' = 0 pointwise in R™ \ L.

The field is singular on one side, L, of OU and therefore, F' is undefined on oU; it has
no trace on OU in the classical sense. Note also that the points of L are all essential
singularities of F because limy_,, F(y),y € R? \ L,z € L does not exist. Also,

F ¢ BVjo.(R?,R?)
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We could try to define the normal trace of F on 0U as follows:

M o, (y) - v(y)dH (y) = lim o divEF'dy = lim 0 = 0,

where U; := {y € U : dist(y,0U) > t)} or U; defined in a way that it is smooth and
approximates U in a suitable way.

B F has an essential singularity at each point of L and therefore cannot be defined
on L;

B We need to make rigorous the above limit and show that F has a weak normal
trace on L which is sufficient for the Gauss-Green theorem to hold.

Question: How to approximate a set with smooth sets from the interior and exterior?
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Approximation of set of finite perimeter from

"Inside" and "outside"

The following method works for bounded divergence measure fields:
We consider two representatives:

Eland E' UO*E

Xk = XE * P1/k» Akt = {Xx >t}
We have
divF|(E*AAL ;) <& t>1/2,k > ki(e,t),
divF|((E' UO*E)AAL ) <e t<1/2,k > k(e t),

H" 1 (0AL: N (E°UO*E)) — 0, as k — oo, fora.e. t > 1/2.

H"1(0AR: N (E*UO*E)) — 0, as k — oo, fora.e. t < 1/2.
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Normal traces for divergence-measure fields

Chen-T-Ziemer:

Theorem: Let ' € DM (Q2,R™) and let E € 2 be a bounded set of finite perimeter.

Then, there exist F; - v € L°°(0* F) such that and F. - v € L°°(0* E) such that

/ gpdivF—l—/ F .-V = —/ pFi - v(y)dH" " (y)
El El O*E

and

/ odiv F +/ F.-Vyo= —/ (Fe - v)(y)dH" ' (y),
ElUuo*E ElUuo*E O*E

for every ¢ € C° ().

1Fi Vi S 1Flloe [1Fe - vloo < [Flloo

We want a normal trace JF - v obtained as the limit of the classical normal traces F' - v
defined on almost every smooth surface that approximates 0* E from the "inside" or

"outside".
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Definition of trace as
a distribution

Definition: Given F' € DMP(2), 1 < p < oo, and a bounded Borel set E C 2, we define
the normal trace of F' on OF as

(F-v,¢) 55 ::/ qbddivF—i—/ F -V¢dz, (8)
E E

for any ¢ € Lip.(R"™).

Remark: We notice that, by the definition, the normal trace of F' € DMP(2) on the
boundary of a bounded Borel set £ C 2 is a distribution of order 1 on R™, since, for any
¢ € CL(R™), we have

11

[{(F v, ) g | < |@llLoe@n)|divF|(E) + V| Loo rrrn) [E]” P || F[|Le (2r")-

The normal trace is not stable a priori under modifications of E by Lebesgue negligible

sets. Indeed, if E is any measurable set such that |[EAE| = 0, then, unless
ldivF'| < £™, we may have |divF|(EAE) # 0, even though the second terms are equal.
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For bounded divergence-measure fields, the trace is actually a

measure, and even better a function

Corollary: Let F' € DM (2) and E € Q2 be a set of finite perimeter. Then the normal
trace of F' on the boundary of any Borel (or div F'-measurable) representative E of the
set E is a Radon measure supported on 9E.

In addition, the normal traces of F on the boundaries of E! and E' U 6* E are Radon
measures absolutely continuous with respect to ™~ 1 L 9* E. More precisely, for any
set E of locally finite perimeter in Q@ and ¢ € C°(Q) such that V¢ € L () and xg¢
has compact support in €2, we have

¢ ddivF +/ F -Vodr = — ¢ (F;-vg)dH 1, (9)
El E O*E
/ ¢ ddivF +/ F-Vodr =— ¢ (Fe - VvE) dﬂ{”_l, (10)
ElUd*E E o0*E
(F-v,¢)gp1 = — ¢ (Fi-vg)dH" 1,
O*E
(F-v,d)am1uo+E) = — ¢ (Fe -vg) dH" 1, for any ¢ € Lip,(€2).

o*E
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A Gauss-Green formula on domains with
fractures for bounded divergence-measure
fields

Consider for example

Q= {(z1,22) €R? : |z| < 1,22 # 0}
The above formulas apply but, since
Ql = {z e R? : |z| < 1},

the integration does not happen over the disk with a diameter removed. In some
applications we may want to integrate on a domain with fractures or cracks, but since
the cracks are part of the topological boundary and belong to the measure-theoretic
interior 2!, we can not use previous formulas. In order to prove a Gauss-Green formula
that includes this example, we will work with open sets of finite perimeter €2 satisfying

H 100\ QY) < oo.

Therefore, 052 can still have a large set of cusps or points of density zero (i.e., points

belonging to £0°).
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Example: The trace can be concentrated

outside the reduced boundary

Example: Let 2= D\ S,where D = (—1,1) x (—1,1)and S = (—1,1) x {0}. We
define

0,1 for zo > 0,
Fley ag) = 4 OV ’ (11)
(0,—1)  forz < 0.

Let QT = DnN{zx >0}and Q™ = DN {x2 < 0}. We also let S; := (—1,1) x {1} and
So := (—1,1) x {—1}. Then, for any ¢ € C!(R?), we have

/F-ngd:c: F.-Ve¢dz+ | F-Védz
Q Q+ Q-

= Ory @ dr — Oxy @ dx
Qt Q-

:/S(—qb)dﬂ-cn_l —/qudﬂ-cl +/51U52¢dﬂ-61

:—2/ ¢d9{1+/ ddH?.
S S1US9

where we have used the classical Gauss-Green formula.
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Example: The trace can be concentrated

outside the reduced boundary

Since divF' = 0 on €2, the previous computation yields

(F v, ¢>6Q:/Q<bddivF—|—/QF-V¢dx:—2/S¢diH1—|—/S ddH?!.

1USo

Therefore, (F - v, -) o, is @a measure p := —231 LS + HPL (S U Sa).

Motivated by this example, in order to study trace (F - v, )5, for a bounded
divergence-measure field F' and an extension domain €2, the measure-theoretic interior
part of the topological boundary has to be considered. This example has motivated us to
study the characterization of domains satisfying

H 100\ QY) < oo,

and to formulate and prove the following theorem:
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A theorem based on Besicovitch’s covering

theorem

ENKB
Definition: £ = {x € R" : lim (,7) = o}
=0 |B(w,7)]

Theorem (Chen-Li-T.): Let (2 be a bounded set with
1€2| > 0. Then there exists smooth sets £, € (2 such that

E, — Qin L}

and
sup H" 1 (OE})) < o0
k

If and only if
}Cn_l(aﬂ \ QO> < Q. —p. 20/50



Proof of the approximation theorem (only if part)

Let E; be the assumed approximating sequence. Then, by the lower semicontinuity of
P(-) we know that 2 is of finite perimeter. It suffices to show

H o0 N Q) < oo, (12)

since 9N\ QV = (8 N Q1) U ™. Since E; € < for each 1,

g [ Br(@) N QN B[ _

r—0 wnr™

1 forallz € 9Q N QL.

Therefore, for any = € 9 N Q!, we can choose 0 < r < oo such that

[ Br(z) 0 (2N E)| _

=

N | —

wnr™

From the relative isoperimetric inequality we have
- n—1 n—1
P (Q\ Ej; Br(2)) > c(n) min {|Br(z) N (Q\ E5)| 7, [Br(2) \ (Q\ E))| 7}

=cC (n)rn_l. (331750



Proof of the approximation theorem

Vitali’s covering theorem ==> there is a family of countable disjoint balls B;., (=)

By, (25) N (R Eo)| _

wWwn "
nty

NNt ¢ UjB57~j (azj), ; T;L ! Sn P(Q\Ez’;Brj (xj))

DN | =

(14)
Let ; = sup, r;. We have

HE (02N QY) <nw, 5"y T rt T
J

<n > P (Q\ Ei; By, (z5))

J

< P(Q\ Ey)
= P(Q) + P(E,), (15)
1
: 2\ . 1
limsup §; <pn <—> limsup |2\ E;|» =0
1—» 00 Wn 1— 00

Hrloanal) = dim FC5 109N Q) S P(Q) + limsup P(E;) < oo.

—p. 22/50
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Proof of the approximation theorem (/f part)

orany § > 0and z € 902N QY, we can choose 0 < r < § such that

20 By(2) _ 1 8
| Br ()] 2
y the relative isoperimetric inequality there is a constant ¢(n) such that
QN By (2)] 5 < e(n)P (2 Br(z)) . (17)

From the coarea formula, we can choose r such that H"~1 (0B, (x) N 8™Q) = 0, while
(I6)—@7) still hold. Therefore, applying the classical Gauss-Green formula to the vector
field F'(y) = y — x on the set of finite perimeter Q2 N B, (x):

n|Q N B, (z)] :/ divy (y — )dy
QNBy(x)

=:—/‘ @—xyu&@xw¢WPl—/‘ (y — o) - vo (y)dH" !
QlNoB,(x) B, (z)No*Q

>rH*" Q! N OB (x)) — rP (Q; B (x)). (18)
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Proof of the approximation theorem

rH" QYN OB (x)) < n|QN By(z)| + 7P (; Br(x)) . (19)
Moreover, it is clear that

QN B (z)|n _ 2
BN o (20)

r

Combining ({7) and ({9)—@0), we have

n|Q N Br(x)] N

Tr

H Q' NoB,-(z)) < P(Q; By (z))

21120 Br(@)|

Tr

=n|Q N Br(x) + P (Q; Br(x))

1

<nc(n)wp P (Q; Br(x)) + P (Q; Br(x)), (21)

that is,

H" Q' N OB, (2)) <n P(Q; Br(z)). (225"



Proof of the approximation theorem

From Besicovitch’s covering theorem, it follows that there exists F;,i =1,2, - --

Y g(n)!

so that each family F; contains countably disjoint balls with radius less than § satisfying

2N Q° c WS Upcr, B

and, for each B, (x) € Ufi”i)]—‘i, 22) holds.
Since H™~1(00Q \ Q) < oo there exists a family Fq of balls such that

sup diam(B) < 29,
BeFy

89\90 C Uper, B,

> HHOB) S HPTH(0Q\ Q0).
BeFo

We may also require that, for any B,.(z) € Fo, K"~ 1(0B,(z) N 8*Q) = 0.
Since there are countably many balls in u,fgg) Fi, we can assume that

H" =1 (0B, (x) N 0*Q) = 0 holds for any B,.(z) € Ufgg)}“i.

—p. 25/50



Proof of the approximation theorem

Since 92 is compact a finite collection of balls { By, (z)}Y_, C Ufi%)}‘i cover 0.
Let E = Q\ UL By, (z;) so that E € (.

P(E) = P (Q\ U}, B (21))
=P (U1 Bry (21);94) + P (R \ UL, Bry (20))

=P (U]kvlerk (2k); Ql)

P(Bry, (2k); 2")

)=

k=1
&(n)
<> > HNeBNnQY+ > HH9BNQY),
i=1 BEF; BeFo
¢(n)
P(E)Sn Y > PB)+H"102\Q%) < £(n)P(Q)+H (092 Q°)
1=1 BeF;

< J{”_l(aﬁ \ QO), ~p. 26/50



Proof of the approximation theorem

Since 0 < r < ¢ for any B, (x) in the cover of 02, we can estimate

£(n)

Q\E[< > > |BnQ|

1=0 BeF;
£(n)

<. S S BnQ#BnaT +6 Y H"L(9B)
1=1 BeF; BeFo

&(n)
<n 5( > > P(B)+HTHO9Q\ QO))

i=1 BEF;
<n 6 (E(n)P(Q) + H" 102\ QY))

Sn S H"THOQ N\ Q°),
where we have used the fact that the balls in F; are disjoint for 1 < i < £(n). Since
12| > 0, the previous construction shows that, for each § > 0 small, we can construct a

set s # () such that

Es; €Q, [Q\Es| Sn 0H" 1002\ Q°),  P(Ejs) Sn H" 100\ Q0) e



Extension domains for bounded

divergence-measure fields

Fiven FF € DM (Q2), the extension of F' is defined as

(26)

- F for x € Q,
F(z) := (@) N
0 for x ¢ Q.

Definition: We say that €2 is an extension domain for bounded divergence-measure fields
if, for any F € DM (Q), F is a divergence-measure field in R™; and

|div F'|(R™) < oo. (27)
Theorem: If €2 is a bounded open set satisfying
H 100\ Q) < oo,

then €2 is an extension domain for bounded divergence-measure fields.
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A Gauss-Green formula up-to the boundary

on bounded open sets that can contain

fractures

Theorem (Chen-Li-T.;) Let Q be a bounded extension domain for F € DM (Q), and let F
be the extension of F. Then the trace operator (F - v, -) 5, is a finite Radon measure p
concentrated on 99 \ Q° with

p=—dvFL ((0QNQHUuo*Q) = —dvFL (00N Q) — 2F - Dxq, (28)

where F' - Dyq is a measure concentrated on 9*2, which is the weak star limit of the
sequence of measures F' - V(xq * pe). As a consequence,

divF|_0*Q = 2F - Dxq. (29)

Moreover, there exists g € L (99 \ Q; H™~1) such that

b= / g 31, 30)
R™ N\ 0
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A Gauss-Green formula up-to the boundary

on bounded open sets that can contain

fractures

In particular, if €2 is a bounded open set satisfying
HP L0\ Q) < oo,
then the above results also hold. Moreover,

g € L™ (02 \ Q% H" 1), (31)

and the following Gauss-Green formula up to the boundary holds:

/Q ¢ ddivF + /Q F.-Vodr = /a Q\Qog(x) A" (x)
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An example of an unbounded vector field

X n
F(z) = o FeDM! (R"), 1<p< — divF = nwndo

If n = 2 we have that divF = 2ndp. Let U = (0,1) x (0, 1).

_ x y P (T2
F(z,y) = (a:Q—i—yQ’a:Q—i—yQ) € DM, .(R%),1<p <2

1 1 -
/ / divFdxdy = 0 # F . vdH' = ——,
o Jo o9 2

We approximate U with domains U¢, U, from the interior and exterior respectively. For
example, we can use the standard signed distance function

U ={(x,y) € U :dist((z,y),0U) > e} U: = {(x,y) € U :dist((z,y),0U > —¢}

/ dvF = 0= — lim F - vdH?!, / dvF = 27 = — lim F - vdH!
U e—0 OUE U e—0 oU.
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A product rule for divergence-measure fields
iINnDM?P, 1 <p< o0

Theorem: If FF € DMP(Q)), 1 < p < oo and
gb c CO(Q) N L>®(Q) with Vo € LP (Q; R"),
p' = 35, then we have ¢ F € DMP(Q). In
addltlon, we have

div(¢pF') = ¢pdivF + F - V.



Representation of the
Interior normal trace

Theorem: Chen-Comi-T.[interior normal trace].

Let U C €2 be a bounded open set and F' € DMP(Q2), 1 < p < oco. Then, for any

¢ € CO(Q) N L>(Q) with Vo € LP' (Q; R™), there exists a set A" with £ (A) = 0 such
that, for every sequence {e; } satisfying e, — 0 and ¢, ¢ N, we have the following
representation for the interior normal trace on oU

< F-v,¢ >8U:/ gbddivF—|—/ F -V¢odr =— lim oF - viep dH"™" 1,
U U k—+oo JoxUck
where vg;e,, is the inner unit normal to Uk on 0*U*®k.

In addition, 33) holds also for any open set U C (2, provided that supp(¢) is compact in
Q.

Remark: In particular, the previous Theorem implies that, if 2 is bounded, then one can
take U = Q in (33), thus obtaining a Gauss-Green formula up to the boundary of the
open set where F' is defined.
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Representation of the
exterior normal trace

Theorem [exterior normal trace].

Let U € 2 be an open setand F € DMP(Q), 1 < p < oo. Then, forany ¢ € C°(Q)
with Vo € LP' (Q; R™), there exists a set N/ with £L1(A) = 0 such that, for every
sequence {e } satisfying e, — 0 and e, ¢ N, we have the following representation for
the exterior normal trace on oU

<F-I/,¢>aﬁ:/_gbddivF—i—/_F-VcbdzU:—kiir_l{l ng'VU% dH" 1,
U U 0 JorU,,

where vg;_  is the inner unit normal to U, on 0*U;, .
o k k

In addition, 34) holds also for any open set U satisfying U C €, provided that supp(¢) is
compact in €.
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Approximations with
smooth sets

The previous two main theorems can also be
improved to the case where the approximating
sets U¢ and U. are smooth.




Approximations with smooth sets in the

case where U is a C' domain

For domains with this regularity we can use the
regularized distance p instead of the standard
signed distance. This distance is C'*° and was
introduced by Lieberman (Pac. J. Math., 1985)

| for Lipschitz domains and adapted to C" domains
by Ball-Zarnescu (Calc. Var. & PDE).

U = {z € R": p(z) > &)

and
U., ={r e R": p(x) > —c}.



First Green’s identity

Theorem : Let u € WP (Q)) for 1 < p < co be such that Au € M (), and let U C Q2 be
a bounded open set. Then, for any ¢ € C°(Q) N L>°(Q) with V¢ € L' (€2;™), there
exists a set /' C with £1(N') = 0 such that, for every nonnegative sequence {e;} ¢ N
satisfyinge;, — 0 as k — oo,

/ ¢ dAu + / Vu-Vodr = — lim dVu - vyeg dH" 1, (32)
U U

k— o0 o* U&‘k
where vg;e,, is the inner unit normal to Uk on 0*U*®k.

In particular, if u € WH2(Q) N CY(2) N L>°(Q) with Au € M(Q),

/udAu—i—/ Vu|?dz = — lim uVu - vye, dH L (33)
U U

k— oo o* Ueki

In addition, @32) holds also for any open set U C €, provided that supp(¢) N U? & Q for
any small § > 0. Analogously, 33) holds for any open set U C (2, provided that
supp(u) NU° € Q forany § > 0.
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Second Green’s
identity

Corollary: Let w € WP (Q) N CO(Q) N L>°(2) and v € WP (Q) N CO(Q) N L2 (Q) for
1 < p < oo be such that Au, Av € M(Q2), and let U C 2 be a bounded open set. Then
there exists a set ' C with £1 () = 0 such that, for every nonnegative sequence

{ex} ¢ N satisfying e, — 0 as k — oo,

/ vdAu — udAv = — lim (vVu — uVv) - vyey, dH"—1, (34)
U

k— oo o* Uek

where vy e, is the inner unit normal to U¢+x on 0*U¢k. In addition, (34) holds also for any
open set U C Q, provided that supp(u), supp(v) N U° € € for any small § > 0.
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Necessary and sufficient conditions for the trace to be a measure

Theorem: Let FF € DMP(2), 1 < p < oo. Then the normal trace of F' on the boundary of
a Borel set E € (2 is a Radon measure supported on 0F if and only if
div(x g F') € M(£2).

Proof. First we show that the distribution < F' - v, - > is supportedon OF. Let V € 2 \ OF and

¢ € C° (V). We need to show that < F' - v, ¢p >p= 0.

We have that ' € DMP(Q2) and supp(¢F') C V, which implies supp(div(¢F')) C V. From this,
it follows that

< F- v, >p=dv(¢F)(E)=dv(oF)(VNE°).

We can assume that £° # (), otherwise there is nothing to prove, and also that V' C E°, without loss of
generality. Then, div(¢F') (V') = 0, and so the distribution is supported on OF.

As for the equivalence, we notice that

<F-V,¢>E—/gbddivF:/F-ngdm:/XEF-ngdm,
E E Q

for any ¢ € Lip,.(£2). Hence, since divF' € M (), it follows that < F' - v, - >p€ M(OFE) if and
only if div(x g F') € M(£), by the density of Lip. (£2) in C(£2) with respect to the sup norm. O
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An example of trace
measure

F € DMP(Q2) admits a normal trace on the boundary of a Borel set £ € (2
representable by a Radon measure if and only if div(x g F') € DMP(2). This condition is
generally weaker than the requirement of E to be a set of locally finite perimeter in 2.
Indeed, there exist a set £ C R? with xg ¢ BVio.(R?) and a field FF € DMP (R?) for
any p € [1, 00| with (F' - v,-) 55 € M(OE). The key observation in the construction of
such a set F is that, given a constant vector field F' = v € R™, the normal trace is given
by

(V v, )gp = —div(XEV) = — Zijwij.
j=1
Clearly, the requirement that > 7" ; v; Dz, x5 € M() is weaker than the requirement

that xp € BV (2), since there may be some cancellations.
We choose F as the open bounded set whose boundary is given by

OFE = ({0} x [0,1]) U ([0,1] x {0}) U ([0,1 +1og2] x {1}) U S,
where
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Example:
Continuation

n>1 k=1 k=1

Then xg € BVio.(R?), since H!1(S) = oco. However, we can show that
Dz XE € M(R2)-
If F(x1,22) = f(x2)g(x1)(1,0) for some f € LP(R) and g € C(R), then
F € DMP(R?),

divF = f(x2)g’ (x1)L3,

and
dv(xeF) = f(22)g9(x1) Dy xE + XE(T1,72) f(22)g’ (21)L7.

(39)
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An example (by M. Silhavy) where trace is

not a measure

(_y7 CB)
332 + y2 )

diF =0, F € DM} (R?)forany1 <p <2, E=(-1,1) x (—1,0),
¢ € Lip.((—1,1)?). Then we have

F(z,y) :=

| op  O¢
F - Védrdy = — t+x_— | dyd
_1,1)2XE ¢ dx dy /_1/ $2+y2< y3$+x8y> yazx

e —€ o) o0
—35%(/ /)/_ x2+y ( ya—x”a—y) dy do
= lim

6ﬁ0_1§+y( ¢(—e,y) + é(e,y)) dy+

e

~~
[0

(/_T+/f)¢<w>édw+/ (/_5 e[

1 1
= p.V./ d(x,0)— dx,
-1 T

2)2 dx dy
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An example where trace is not a measure

Thus div(xgF) ¢ M((—1,1)%), which means
xeF ¢ DMP((—1,1)?) forany 1 < p < 2. The
argument can be easily generalized to

(—y,x)

F(z,y) = (22 4+ 42)5

)

for 2 < a < 3, obtaining

div(xgF) = (p.v.sgn(z) |z]' ) L(=1,1) ® &.



A class of vector fields whose trace is a measure

Definition: Given a closed set S in R", the (n — 1)-dimensional Minkowski content is
defined as

M?~1(S) := lim inf |5+ B(0,¢) :
* e—0 Qe

Proposition: Let FF € DMP(Q2), 1 < p < oo, andlet U C 2 be a bounded open set such
that M7~ (8U) < co. Let us assume also that div F' has compact support in U and that

F(z) = ! /Q (z=9) ddiv F () (36)

nwn Jo [z —y["

for L™-a.e. x € Q. Then, < F - v,- >y € M(0U).

—p. 44/50



Definition of Lipschitz deformable boundary
(Chen-Frid):

Let 2 be an open subset in R™. We say that 052 is a deformable Lipschitz boundary
provided that the following hold.

(i): For each x € 99, there exists » > 0 and a Lipschitz mapping v : R*~! — R such
that, upon rotating and relabeling the coordinate axis if necessary,

QN Q(QZ‘,T) - {y cR" :yn > 'Y(yl, ---ayn—l)} M Q(CB7T)7

where Q(z,r) ={y € R™ : |y; —x;| < r,i=1,...,n}. We denote by 4 the map
y' = (Y1, yn—1) = ¥, 7))
(ii): There exists a map ¥ : 9 x [0, 1] — € such that ¥ is a bi-Lipschitz

homeomorphism over its image and ¥ (-, 0) = Id, where Id is the identity map over
0N2.

Denote 092, = V(092 x {7}), T € [0, 1], and denote 2, the open subset of
whose boundary is 92-. We call ¥ a Lipschitz deformation of 912.

The Lipschitz deformation is regular if

lim JOw, =1 in LY(8Q; K™ 1), where U, (z) = ¥(z, 7). (37)
T—0
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Theorem (Chen-Comi-T.): Any Lipschitz domain has Lipschitz
deformable boundary in the sense of Definition Chen-Frid.
Proof: We follow the construction in Ball-Zarnescu,
Calculus of Variations and Partial Differential Equations,
56(1), jan 2017

Theorem (Chen-Comi-T.): If U is a open bounded set with
_ipschitz boundary in R"™, then there exists a REGULAR
_ipchitz deformation in the sense of Definition Chen-Frid.
Proof: We follow the construction in Necas (Czechoslovak
Mathematical Journal, 1962 and1964) and Verchota (Layer
potentials and boundary value problems for the Laplace
equation in Lipschitz domains, Ph D thesis, 1982).
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Formulas on
Lipschitz domains

An immediate consequence of the existence of such Lipschitz diffeomorphism between
oU and oU#-* or OU;, is that the area formula can be employed in order to consider
only integrals on oU.

Theorem: Let U & €2 be an open set with Lipschitz boundary, let FF € DMP (Q2) for

1 <p<oo,andlet ¢ € CO(Q) with V¢ L' (€2;™). Then there exists a set ' C with
L1 (N) = 0 such that, for every nonnegative sequence {s;.} ¢ N satisfying e;, — 0,

/¢ddivF+/ F-Védr = — lim (ng-&)(\IJT(w))JaU\IJT(x) dH"—1, (38)
U U k—oo JoU Vol
and
: . vp oU n—1
/qbdd/vF—i—/ F-Védr = — lim (qﬁF-—)(\IJT(w))J W, (z)dH"L, (39)
T U k—oo Jou Vol

In addition, @8) holds also for any bounded open set U with Lipschitz boundary if

¢ € L°°(£2), and even for an unbounded open set U with Lipschitz boundary if
supp(¢) NU° € Q for any § > 0. Similarly, 39) also holds for any open set U satisfying
U C Q, provided that supp(¢) is compact in €.
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