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Power-bounded operators

standing assumptions:

X Banach space, T € L(X), M :=sup,>|T"[| <o0.
and: ran(I—-T)=X

Then:

1 n .
Anx::n+1zj T'x — 0 (x € X).

Rate of convergence?

e no rate in general
e Apx=o0(1/n) — x=0
e Axx=0(1/n) — xe€ran(I-T)
[Butzer-Westphal 1971]
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Starting Point
[Deriennic-Lin 2001]
O<s<1, (1-zpf=2a%2" — Oecp
(I T) =20 a) T"
x€e€ran(I-T)> — Ax=o0(1/n%).

log(I — T) defined as generator of semigroup (I — T)%)s>0.

1. uniform rate for x € dom(log(I—T)) 7
2.is x € dom(log(I—T)) equivalent to

HTX — Zoo T"x

n=1 n

being convergent?

[Assani, Cohen, Cuny, Lin 2003-2009] :  yes to (2)
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Generalisation
a = (an)s>0 CC, f(z):=a(z) =Y 2 ganz"
D:={zeC| |z] <1}, f:D— C holomorphic

1. uniform rate for x € dom(f(T)) 7
2.is x € dom(log(I— T)) equivalent to

n
E anT"x
n=0

being convergent?

— needs a functional calculus to be meaningful
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Functional Calculus
AYD)={alael} @l = lal
A(T) = Y00 T
(f +— £(T)) : AL(D) — L(X)
algebra homomorphism, ||[f(T)|| <M ||f||A1+_

— canonical extension towards unbounded functions/operators
via regularisation

If f=1/g and geAL(D) st g(T) isinjective, then
f(T)=g(T)"

In this case dom(f(T)) =ran(g(T)).
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Relevant Examples

negative fractional powers: 0<s<l, f(z)=(1-2)".

g(z) = (1/f)(z) = (1 —2) Za

modified logarithm: f(z) = %1_2) =Yoo 72"

Theorem (Kaluza): If « >0 is bounded and satisfies
ao =1, af <ok 10k (k>1)

then « s a renewal sequence (and is decreasing).
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Domain Characterisation (1)

a renewal sequence, f=a, g=1/f=1- Zj’il yjzf.

in addition: a € BV, e, (1-2z)f(z) € AL(D).
— f(T) defdbythefcas f(T)= (- T) (1 —2)f|(T).

x € dom(f(T)) JRIN ZOO o Ok Tkx converges (in some sense).
n—

Example:  f(z) = —log(l —2)/z =32, z¥/(k + 1)

oo zk

— h(z2)=(1-2)f(z)=1— Zk:l D © Al (D),

o log(l—z)=f—h, dom(f(T))=dom(log(I— T)).

o Hrx=Y32, 2T conv. iff Y32, k%rlTkx conv.
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Domain Characterisation (2)

“«<"  always true (easy)

“=" trueif a,T""g(T)— 0 strongly:

Theorem: « renewal sequence, n € N. Then there is a renewal
sequence 3 = (3(n) such that

a(z) = (Z;:O ajzf) - B)
gn = Z;’:o ozjzj/f = 1/32 1-— Z:O:n’Ykmzk

— sup,lanlla <2 (=2, (1) = o0)

— gn(T) — 1 strongly (ran(I—T) dense in X!)
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Rates of Convergence
g(z)=1-72v7, Yiiv=1 y>L
n—1
gn(2) = (D7 7")e(2) =

=1+(l-m)z—-(1-m—-—7)Z++1—m— " —V1)z
- Z (Vk—nt1 + -+ 7%)2"

n—1
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Rates of Convergence

g(z)=1- 2%, YEi=1 =L

gn(z) == (Z:;; zk> g(z) =

=1+(1l-m)z—(1-m—-n)++(1-m-

- Z (Yk—ns1 + - +%)2"
—  [[Ang(T)xI[ < 2M [|gnll o2 [IXI] = 2Mry ||x]]
1 n
Z%’ +- Zhj
Jj>n j=1

— xeran(g(T)) — Axx=0(r).
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Rates of Convergence

g(z)=1- 2%, YEi=1 =L

gn(z) = (Z::} Zk) glz)=...

=1+(1l-m)z—(1-m—-n)++(1-m-

- Z (Yk—ns1 + - +%)2"
—  [[Ang(T)xI[ < 2M [|gnll o2 [IXI] = 2Mry ||x]]
1 n
Z%’ +- Zhj
Jj>n j=1

— xeran(g(T)) — Axx=0(r).

Q: Which convergence rates can be realised?

R 'Ynfl)z

n—1
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Logarithmic rate

_ —log(l1—2z) _ oo 1 _k _ -1 _ S |
= = Lk igiZ. &=f " =1-37"77

Lemma: = # +0 #
" TR T Klog k)2 k(log k)2
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Logarithmic rate

f(z)zwzzi":o%ﬂzk, g=Ff1=1-32 2

z

1

1

L . [
emma: Y = Lliogk)? <k(|og k)3>

— rp~1/logn

e best possible general result (prototypical instance + PUB)

e 1co(T) — Ixecran(g(T)) without polyn. rate

e not sufficient: Apx = O(1/logn) /4 x €ran(g(T))
[Cohen-Lin 2009]
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